This is the first in a series of papers considering elastic scattering from laterally heterogeneous lipid vesicles containing multiple domains. Unique among biophysical tools, small-angle neutron scattering can in principle give detailed information about the size, shape and spatial arrangement of domains. A general theory for scattering from laterally heterogeneous vesicles is presented, and the analytical form factor for static domains with arbitrary spatial configuration is derived, including a simplification for uniformly sized round domains. The validity of the model, including series truncation effects, is assessed by comparison with simulated data obtained from a Monte Carlo method. Several aspects of the analytical solution for scattering intensity are discussed in the context of small-angle neutron scattering data, including the effect of varying domain size and number, as well as solvent contrast. The analysis indicates that effects of domain formation are most pronounced when the vesicle's average scattering length density matches that of the surrounding solvent.
Introduction
Since the discovery of the lipid bilayer, our understanding of the biological role of cell membranes has been continually evolving. The previous two decades have brought a thorough reexamination of the membrane's lateral organization, with an emerging consensus that an apparently non-random distribution of lipids and proteins has functional consequences for the cell (Lingwood & Simons, 2009 ). In particular, the concept of 'rafts -ordered functional domains enriched in saturated lipids and sterols, possessing different structural and mechanical properties from the surrounding sea of disordered and predominantly unsaturated lipids -has provided an elegant framework for explaining diverse phenomena, including lipid and protein sorting (Simons & Van Meer, 1988) , viral assembly and exit from a cell (Ono, 2010) , and signal propagation across the plasma membrane (Holowka et al., 2005) . Despite the apparent power of the raft hypothesis as a paradigm for lateral organization, supporting evidence remains scarce, and significant doubts persist (Shaw, 2006; Leslie, 2011) .
Rafts are difficult to study systematically in vivo, owing in part to the chemical complexity of cell membranes, which often contain thousands of different components and hundreds of distinct lipid species (van Meer et al., 2008) . Simplified model systems provide an alternative bottom-up approach to the study of membranes and have proven to be invaluable tools for elucidating their structure. For example, X-ray and neutron scattering from liposomes has provided a sophisticated understanding of transverse bilayer structure, and its dependence on headgroup and acyl chain properties of individual lipids (reviewed by Heberle et al., 2012) . Similarly, key aspects of lateral organization, including the coexistence of ordered and disordered fluid phases, can be reconstituted in minimal models of mammalian plasma membrane containing as few as three lipid components: a high-melting lipid (H), typically with fully saturated hydrocarbon chains; a lowmelting lipid (L), typically with an unsaturated bond in one or both hydrocarbon chains; and cholesterol (C) (Marsh, 2009; Feigenson, 2009) .
For many HLC mixtures, optical microscopy of giant unilamellar vesicles (> 10 mm diameter) reveals micrometresized round domains, characteristic of coexisting fluid phases (Veatch & Keller, 2005) , while in some mixtures, techniques with sub-optical spatial resolution indicate heterogeneity on a length scale of tens of nanometres . Such observations run contrary to the expected behavior of a first-order phase transition, namely that coexisting phase domains should tend toward 'infinite' (system) size because of an unfavorable line tension at domain boundaries. In a recent study of liposomes composed of HLC mixtures, it was found that the number and size of domains can be controlled by the degree of unsaturation in the low-melting lipid species (Heberle et al., 2010; Konyakhina et al., 2011; Goh et al., 2013; Konyakhina et al., 2013) , possibly through its effect on the disordered phase hydrocarbon thickness . Intriguingly, the most biologically relevant HLC mixtures (those that contain low-melting lipids with one saturated chain and one unsaturated chain, the predominant motif found in mammalian cells) do not separate into two domains, but rather form multiple small domains that do not coalesce over periods of days . The existence and apparent stability of small domains in lipid-only mixtures is poorly understood and the subject of some controversy.
Among biophysical tools, solution scattering is well suited to address questions of size and morphology of nanoscale objects, while avoiding the use of potentially perturbing probes that have been shown to affect the mixing behavior and properties of lipid domains, either directly through changes in the miscibility transition temperature (Veatch et al., 2007) or indirectly through light-induced lipid degradation (Ayuyan & Cohen, 2006; Zhao et al., 2007) . Small-angle neutron scattering (SANS) is a particularly powerful tool for probing the lateral organization of bilayers, especially when combined with the selective use of deuterium-labeled lipids, which provide in-plane contrast that cannot be easily achieved with X-rays . Previous work has demonstrated the use of SANS for examining lateral organization in binary (Knoll, Haas et al., 1981; Knoll, Schmidt, Ibel & Sackmann, 1985; Knoll et al., 1983 Knoll et al., , 1991 and ternary (Nicolini et al., 2004; Pencer et al., 2005; Masui et al., 2008; Vogtt et al., 2010; Petruzielo et al., 2013) lipid mixtures. Model-free analyses based on forward scattering (Knoll, Ibel & Sackmann, 1981) , power law scattering (Nicolini et al., 2004) and the Porod scattering invariant (Pencer, Anghel et al., 2006) have been developed to interrogate lipid mixing from SANS data.
While model-free methods provide important qualitative information about lipid mixing (i.e. the presence or absence of lateral heterogeneity on SANS length scales), the ability to predict scattering curves from structural models holds great promise for obtaining detailed information about the size and morphology of phase domains. Indeed, recent studies have demonstrated the power of structural models for determining the number and size of phase domains, through Monte Carlo modeling of the pair-distance distribution function and its Fourier transform to obtain the scattering intensity Heberle, Doktorova et al., 2013) . Such an approach is computationally expensive and limiting, but currently necessary given the lack of suitable analytical form factors for multidomain vesicles.
The use of spherical harmonic representations of the smallangle scattering function, pioneered by Stuhrmann (1970) , has proven tremendously valuable for analyzing solution scattering data (Svergun et al., 1982; Svergun & Stuhrmann, 1991) , especially with regard to biological structures (Svergun et al., 1995) . In previous work, we utilized a spherical harmonic expansion of the vesicle form factor to obtain an analytical solution for scattering from vesicles containing a single round domain (Anghel et al., 2007) . Here, we extend this model with a general theory for scattering from multiple domains of arbitrary size and spatial configuration. Our derivation culminates in simplified analytical expressions for the domain form factor and scattering intensity. As such, this work represents an important step toward a better understanding of the nature of self-organization in lipid bilayers and the physico-chemical basis of raft formation in cell membranes.
Theory
For our scattering object, we consider a shell of uniform thickness suspended in an aqueous medium of scattering length density (SLD) m . Within the shell, one or more circular domains with SLD d are surrounded by a continuous phase with SLD c , where the scattering length density is uniformly distributed within each phase. This model corresponds experimentally to a sample composed of unilamellar vesicles suspended in aqueous solvent, where the solvent SLD has been tuned (by varying the D 2 O/H 2 O ratio) to match the SLD of the lipid headgroups, such that the coherent scattering arises from contrast between a single 'shell' (the hydrocarbon region formed by the lipid chains) and water. Within the hydrocarbon region, SLD contrast between the domain and continuous phases is achieved through the use of chainperdeuterated lipids that partition preferentially into one of the phases .
The scattering amplitude in the Born approximation is given by
where r is a vector from the origin to a point within the scattering object, q is the wavevector transfer with 
Here, m n is the neutron mass and h -is Planck's constant divided by 2. Considering the symmetry of the physical picture described above, we make use of the spherical harmonic expansion of a plane wave (Newton, 2002) :
where Y m l are spherical harmonics of degree l and order m, and j l are spherical Bessel functions of degree l. Equation (3) allows for a type of separation of variables: information on the directionality of q and r is contained in the Y m l ðq qÞ and Y m l ðr rÞ terms, respectively, while distance and momentum information is contained in the j l ðqrÞ terms.
We now expand ðrÞ into two contributions: , which is homogeneous with respect to and '; and !, which is heterogeneous with respect to and '. Several definitions for and ! are possible (Anghel et al., 2007) , but for convenience we choose the homogeneous contribution to correspond to the continuous phase, in which case the SLD contrast is given by
for all values of and ', and
with subscripts d and c referring, respectively, to the domain and continuous phases, and subscripts 'in' and 'out' referring to positions inside and outside of the domain. Combining equations (1) and (3)- (5) gives the spherical harmonic expansion of the vesicle form factor: 
The two terms in equation (6) represent the homogeneous and heterogeneous parts of the vesicle form factor, respectively, which we now consider separately.
The homogeneous form factor
For simplicity, we consider the homogeneous radial SLD profile for a single spherical shell with inner and outer radii R i and R o , respectively, given by
Combining equation (8) 
Equation (10) is the familiar single-shell vesicle form factor (Pencer, Krueger et al., 2006) . The model is easily generalized to more complicated core/shell models (e.g. a multishell vesicle) by integration of an appropriate radial SLD profile ðrÞ (Schmiedel et al., 2001; Riske et al., 2001) .
The heterogeneous form factor
The heterogeneous form factor can be further separated into two terms: an intradomain contribution arising from domain self-correlation and an interdomain contribution (related to a structure factor) arising from SLD correlations between different domains. It is instructive to consider these parts separately.
2.2.1. Intradomain term. To derive the intradomain contribution to the heterogeneous form factor, we consider a single domain with half-angle d centered at the Z axis, as in Fig. 1(a) . The heterogeneous contribution to the SLD [equation (5)] is factored into radially and angularly dependent terms, such that !ðrÞ ¼ !ðrÞ! !ðr rÞ, where
Equation (11) is a radial SLD profile, identical to equation (8) with the exception that the contrast reflects the SLD difference between the domain and continuous phase. Similarly, equation (12) represents a normalized angular SLD profile for the vesicle, which upon substitution into equation (7) yields the normalized expansion coefficients
Combining the second term of equation (6) 
Recombining the homogeneous and heterogeneous contributions gives an expression for the form factor:
Making use of the integrated scattering cross section for a random distribution ofgiven by (Harrison, 1969) IðqÞ ¼ 1 4 
we obtain the scattering intensity of a heterogeneous vesicle containing a single domain:
where kw w l ð d Þk 2 is recognized as the Hermitian inner product of a ð2l þ 1Þ-dimensional vector of expansion coefficients obtained from equation (13):w
For a round domain centered on the Z axis, symmetry in ' causes m 6 ¼ 0 terms to vanish, allowing us to rewrite equation (19) as
The second term in equation (21) is the intradomain contribution arising from SLD correlations within a domain. We can further simplify the expansion coefficientsw w 0 l . The zero-degree coefficient is calculated directly:
For the degree l coefficients, equation (13) is recast in terms of associated Legendre polynomials P l :
We then use the relationship given by Lebedev (1972) :
which is rearranged and integrated to yield
Combining equations (23) and (25) Coordinate systems used to derive the form factor for laterally heterogeneous vesicles. (a) Spherical coordinates (r; ; ') used in the derivation. The circle with half-angle d defines a phase domain centered on the Z axis. (b) The Euler angles (; ; ) describe the rotation of a domain centered on the Z axis to an arbitrary position on the vesicle. For the case of round domains, the final rotation about the Z 0 axis has no effect, and the form factor therefore has no dependence on .
Interdomain term.
To derive the interdomain contribution to the heterogeneous form factor, we first modify equations (16) and (19) to account for multiple domains, which can be located anywhere within the spherical shell, subject to the constraint that domain boundaries do not overlap. A domain's position is defined by the Euler angles ð J , J , J Þ required to rotate its center from the Z axis to an arbitrary position on the spherical surface, as shown in Fig. 1(b) . (We note that for the circular domains treated here the final rotation has no effect, but we include it for generality.) This rotation necessitates a rotation of the domain's spherical harmonic expansion coefficient vector [equation (13)], which is accomplished with the Wigner D matrix D l :w
D l is a square matrix of dimension 2l þ 1 with general element given by
where d l is Wigner's (small) d matrix, with general element given by (Wigner, 1931) 
The sum is over all values of s, such that the factorials are nonnegative. Appendix A provides an example of the use of the Wigner D matrix. The complete multiple domain form factor is now a simple modification of equation (16):
This results in a similarly modified expression [cf. equation (19)] for the scattering intensity:
Equation (31) represents the most general solution to the problem of scattering from a multidomain vesicle. The second term in equation (31) is simply the sum of the intradomain contributions from each domain, derived in the previous section. The third term represents the interdomain contribution in its most general form, where hw w 0 l;J ;w w 0 l;K i is the Hermitian inner product of the rotated expansion coefficient vectors for domains J and K, obtained from equation (27):
The interdomain contribution accounts for scattering arising from SLD correlations between different domains, quantified by the respective pairwise projections of their expansion coefficient vectors. It depends on the spatial configuration of domains as defined by the set of domain Euler angles ð J ; J ; J Þ. For identical round domains of half-angle d , we can further simplify the inner product in equation (31):
Using the following relationship from Edmonds (1957) ,
we arrive at the final expression for the scattering intensity:
where N d is the number of domains, JK is the angle between vectors pointing from the origin to the centers of domains J and K, andw w 0 ð d Þ andw w 0 l ð d Þ are given by equations (22) and (26), respectively.
To summarize the derivation, we have obtained a solution for scattering from phase-separated vesicles containing multiple static domains. The solution is general with respect to the transverse structure of each phase, accommodating domains of different thickness from the surrounding membrane, or indeed arbitrary core/shell SLD profiles (including electron density profiles from SAXS data) through the appropriate use of equations (8), (10), (11) and (15). We also present a simplification that accounts for vesicle size polydispersity in Appendix B.
Polydispersity
Extruded or sonicated lipid vesicles are always polydisperse, with sizes described by a Schulz distribution:
where R m is the most probable radius and z is a parameter related to the width (or polydispersity) of the distribution. In particular, we define the relative polydispersity p =R m ¼ ðz þ 1Þ À1=2 , where is the root mean square deviation from R m . To account for such polydispersity, one typically performs a numerical integration of Iðq; RÞ over the size distribution. research papers Pencer, Krueger et al. (2006) showed that the separated form factors (SFF)-Laplace method can yield an approximate expression for the polydisperse form factor that is valid when the bilayer thickness is much less than the vesicle radius. In Appendix B, we derive the SFF-Laplace approximation for the multidomain polydisperse scattering intensity, and in the supporting information we discuss its use in nonlinear leastsquares optimization of experimental data.
Monte Carlo simulations
Monte Carlo simulations have proven tremendously useful for modeling complex structures that lack tractable analytical solutions (Pedersen et al., 2012) and have found application in the analysis of scattering data from heterogeneous vesicles . For assessing the performance of the analytical model, we conducted Monte Carlo simulations of vesicle objects to obtain the contrast-weighted pair-distance distribution function PðrÞ, from which the scattering intensity is calculated as (Feigin & Svergun, 1987) IðqÞ ¼ 4
We follow the approach outlined by Henderson (1996) . Briefly, an appropriate structural model for the vesicle is chosen: here, a spherical shell with round domains, corresponding exactly to the structure described by the analytical model (e.g. radial scattering length density profiles for each phase, and the shape, size and number of domains). The following computational steps are then performed:
(1) A large unilamellar vesicle object LUV i is generated and assigned structural parameters according to the model. For any parameters described by a distribution (e.g. vesicle size), a random value is drawn from the distribution.
(2) The vesicle is divided into j subvolumes (not necessarily continuous) of different neutron scattering length density (NSLD) contrast Á i;j ¼ i;j À m , where m is the NSLD of the surrounding medium. For example, a vesicle with two domains consists of two annular spherical caps and a perforated spherical shell (the continuous phase). The phase volumes can be further divided into shells of potentially different contrast (inner headgroups, outer headgroups and acyl chains), for a total of six subvolumes, as depicted in Fig. S1A .
(3) The volume V i;j and contrast Á i;j of each subvolume is calculated.
(4) A set of k uniformly sampled random coordinates p i;j ¼ ffx; y; zg 1 ; fx; y; zg 2 ; . . . ; fx; y; zg k g is generated within each subvolume, where k is proportional to V i;j Á i;j (Fig. S1B) . The constant of proportionality is arbitrary, but it affects both accuracy and performance (the computational time increases as the square of the number of sampled points).
(5) The p i;j are grouped for all subvolumes with positive contrast and for all subvolumes with negative contrast, creating two new sets of points p þ i and p À i (Fig. S1B) . (Fig. S1C, lower ). This step is repeated for p À i to generate the pair-distance histogram P ÀÀ i ðrÞ (Fig. S1C, upper) . Fig. S1C, middle) . (Fig. S1D) . (9) Steps 1À8 are repeated for as many LUV i as is necessary to adequately sample the vesicle size distribution, and the distribution of domain sizes and configurations. The resulting P i ðrÞ are combined to generate an ensemble-averaged pairdistance histogram PðrÞ.
(10) IðqÞ is calculated with equation (37) (Fig. S1E ).
To account for polydispersity, at each iteration the vesicle size is drawn from a Schulz distribution [equation (36)] using a rejection sampling algorithm. In the limit that a large number of random vesicles are sampled, the simulated IðqÞ approaches the exact solution for the particular structural model.
Results and discussion
We now examine several aspects of the analytical solution, comparing the scattering intensity for different static domain configurations to illustrate the effects of varying domain size and number. For assessing the performance of the analytical model, including series truncation effects, we compare with the Monte Carlo simulations described in the previous section.
To focus the discussion on the effects of lateral inhomogeneity, we use the simplified canonical parameter set listed in Table 1 . The mean vesicle radius R m , relative size polydispersity p, hydrocarbon thickness t and solvent SLD m correspond to typical experimental values . We assume contrast matching of the solvent and phosphatidylcholine (PC) headgroups, allowing us to neglect the inner and outer headgroup layers . We further simplify by assuming a negligible difference in hydrocarbon thicknesses of the two phases, such that the average bilayer SLD is the sum of the domain and continuous phase SLDs, weighted by their area fractions, 
We set to 0.18 fm Å
À3
, slightly offset from the solvent SLD (0.181 fm Å À3 ), resulting in a small but nonzero contribution from the homogeneous (l = 0) form factor. This mimics the physically realistic scenario of an imperfectly contrastmatched bilayer (in practice, a small residual contrast always exists between the solvent and bilayer, which results in nonzero intensity at low q, as discussed further below).
Scattering from a single domain
We begin our discussion with the form factor of a round single domain, which comprises radial and angular factors that combine to yield the scattering intensity. We consider each component in turn, focusing on the effects of domain size. In earlier publications, we derived the single-domain form factor (Anghel et al., 2007) and discussed its use in data analysis ; some conclusions of those discussions will be revisited below.
4.1.1. Radial factors. For simplicity we consider a single shell, taking equation (15) and changing the variable to z ¼ qr, which yields
where R o ¼ R m þ t=2 and R i ¼ R m À t=2. Equation (40) evaluated for the first few degrees gives
where
Fig . 2 shows the squared radial form factors for polydisperse spherical shells of uniform thickness t, plotted for various degree l.
[Polydispersity was accounted for by numerical integration of equation (41) over the Schulz distribution given in equation (36)]. The homogeneous form factor [W 0 in equation (41)], when squared, yields the familiar scattering intensity profile from polydisperse vesicles (Pencer, Krueger et al., 2006) , which is characterized by a shallow inflection at low q and a prominent lobe at high q (in this example, $0.01 and 0.3 Å
À1
, respectively). The former corresponds roughly to the average vesicle diameter (here, 600 Å ), while the latter feature is related to the vesicle thickness (here, 30 Å ). (As a rule of thumb, real-space structural features of length d correspond to features in reciprocal space at inverse length q ' 2=d.) In fact, W 0 has a series of zeroes corresponding to the shell thickness t, resulting in a series of lobes in the scattering intensity that are bounded by sharp minima at q ffi 2n=t. In experimental SANS data, higher-order lobes are obscured by the incoherent scattering background and also smeared by vesicle polydispersity, such that typically only one or two lobes can be distinguished.
The zero-degree contribution to the form factor approaches a nonzero limiting value at low q:
where V is the shell volume. In contrast, all nonzero-degree terms approach zero:
This results in a distinct maximum in the hetereogeneous contribution to the scattering intensity that shifts to higher q with increasing degree l. Additionally, the minima exhibit 'liftoff' (nonzero intensity) that increases and shifts to higher q with increasing degree (inset to Fig. 2) . 4.1.2. Angular factors. Fig. 3 plots the squared intradomain coefficientsw w 0 l [equation (26)] as a function of increasing degree, for several domain sizes. Thew w 0 l account for effects of domain self-correlation, acting as weights for the corresponding radial factors (Fig. 2) to determine the heterogeneous contribution to the scattering intensity according to equation (21) . For a vesicle with a single domain covering half of its surface (blue circles), the first-degree coefficient is the largest term, and the heterogeneous scattering intensity is Squared radial form factors of degree l obtained from the spherical harmonic expansion of the scattering amplitude. Equation (41) was evaluated for a polydisperse single-shell vesicle model using the parameters in Table 1 . The zero-degree term contributes to the homogeneous vesicle form factor arising from transverse SLD variation (normal to the bilayer plane), while nonzero-degree terms contribute to the heterogeneous form factor arising from SLD variation within the bilayer plane. All nonzero-degree form factors tend to zero intensity at low q and consequently exhibit a peak that shifts to higher q with increasing degree (shown for higher-degree terms in the inset).
consequently dominated by the first-degree radial form factor. For smaller domain sizes, the contribution of the first few degrees is markedly attenuated, and the relative contribution of the radial form factors shifts toward higher-degree terms.
The inset to Fig. 3 plots the expansion coefficients to 50 degrees, revealing an oscillatory behavior. The magnitude of peak values decays only weakly with increasing degree, suggesting that higher-degree radial factors may contribute substantially to the scattering intensity at higher q.
4.1.3. Scattering intensity. Fig. 4 plots the scattering intensity (to 100 expansion degrees) for polydisperse, laterally heterogeneous vesicles containing single domains of varying size corresponding to Fig. 3 . To better mimic experimental conditions , NSLD values were chosen to achieve nearly contrast-matching conditions (i.e. a small contrast exists between the solvent and the average vesicle NSLD), thereby greatly emphasizing the heterogeneous contribution to the scattering intensity [the second term in equation (35)]. In the lower panel, data from the upper panel are offset for clarity and superimposed on corresponding Monte Carlo data, revealing excellent agreement between model and simulation, particularly for q < $0.35 Å
. For the largest domains, where lower-degree expansion coefficients are significant (Fig. 3) , the lower-degree radial form factors (Fig. 2) dominate the scattering intensity, leading to a well defined peak at q ' 0.005 Å
. With decreasing domain size, the weighting shifts to higher-degree terms, resulting in peak broadening, a shift in peak position to higher q values and a marked attenuation of the total scattering intensity. For the smallest domain size shown in Fig. 4 (cyan, 1% of the vesicle surface area), the peak is extremely broad, with intensity nearly 10 3 -fold smaller than that of a domain covering 50% of the vesicle surface (blue).
4.1.4. Series truncation effects. In previous work, we concluded that the first two expansion degrees are sufficient to account quantitatively for scattering intensity arising from a single domain . This finding is reexamined in Fig. 5 , which shows the effects of series truncation at different maximum degree as indicated in the legend. Clearly, our earlier statement must be amended: while as few as 5À25 degrees may be sufficient to account for the effects of SLD correlations at low q (q < $0.1 Å
, corresponding to realspace distances larger than $60 Å ), the lower-degree terms alone do not fully capture SLD correlations related to lateral structure at short length scales, for example SLD variation at the interface between the domain and surrounding phase. At short length scales, higher-degree radial terms dominate the heterogeneous form factor. These higher-degree terms (shown in the inset to 
Figure 3
Intradomain expansion coefficients depend on domain size. Expansion coefficients arising from domain self-correlation, for a single domain of varying area fraction a d (i.e. varying domain size) as indicated by vesicle cartoons: a d ¼ 0:01 (cyan), 0.025 (purple), 0.05 (green), 0.1 (red), 0.2 (orange) and 0.5 (blue). For large domains (blue and orange), the coefficients are heavily weighted toward the first few degrees. Decreasing the domain size increases the relative weight of higher-degree terms, resulting in a smaller contribution from low-degree radial form factors (Fig. 2) and a concomitant shift in scattering intensity to higher q. The inset shows higher-degree intradomain contributions to the scattering intensity, revealing an oscillatory behavior. Fig. 5 . As many as 100 expansion degrees are needed to properly account for the liftoff of the first minimum, and subsequent minima require ever higher degrees to obtain good agreement between model and data.
Scattering from multiple identical domains
We now consider several specific cases of static domain configurations to assess the effect on the scattering intensity of increasing number of domains. We choose highly regular configurations (for convenience, domains centered at the vertices of platonic solids) for which the domain separation distances are maximized. Such an arrangement roughly corresponds to the regular domain lattices often observed in fluorescence micrographs of giant unilamellar vesicles (Baumgart et al., 2003) .
4.2.1. Angular factors. For highly regular domain configurations, specific angular frequencies dominate the spectrum, as shown by the lower-degree expansion coefficients in Fig. 6 . As more domains are added to the spherical surface, there is greater SLD variation over shorter length scales, and the spectrum shifts to higher frequencies; consequently, higherdegree coefficients carry greater weight. The inset shows how, in the case of 12 domains arranged on the vertices of an icosahedron, the interdomain coefficients for degrees 1-5 precisely cancel the intradomain coefficients of the same degree, such that the first nonzero radial term is of degree 6. 4.2.2. Scattering intensity and truncation effects. Fig. 7 plots the scattering intensity for domain configurations shown in Fig. 6 . The attenuation of lower-order expansion coefficients with increasing domain number manifests itself as dramatically reduced scattering intensity at low q, resulting in a shift of the peak position to higher q. As with the single-domain curves, the analytical scattering intensity for multiple domains is in excellent agreement with Monte Carlo simulations at q < $0.35 Å À1 when 100 expansion degrees are used. Truncation effects are examined in Fig. 8 for a regular configuration of 20 domains. Because of greater angular SLD variation relative to the case of a single domain, truncation effects are generally more pronounced, and satisfactory agreement for q < 0.1 Å À1 requires 25-50 expansion terms. The choice of truncation degree largely depends on the resolution of the experimental data, and in particular the inverse length scales for which incoherent background overtakes the coherent signal. For example, in earlier studies of phase-separated PC and cholesterol mixtures, the average vesicle NSLD and solvent NSLD were matched at 0.181 fm Å À3 (the equivalent of 34.5% D 2 O) to mask the lipid headgroup layers Heberle, Doktorova et al., 2013) . In dilute solution scattering experiments, the (constant) incoherent background is largely determined by the hydrogen content of the water, which in the aforementioned studies rendered data at q > $0.06 Å À1 essentially flat and featureless. However, headgroup/solvent contrast matching can also be realized at 0. Interdomain expansion coefficients depend on domain configuration. (Upper) Interdomain expansion coefficients for fixed domain size and differing static domain configurations, as indicated by the vesicle cartoons. (Lower) The sum of intra-and interdomain expansion coefficients determine the total weighting factor for corresponding radial expansion terms (Fig. 2) , as demonstrated in the inset for the case of 12 domains arranged on the vertices of an icosahedron. 
Comparison of transverse and lateral SLD hetero-
geneity. It is interesting to note that liftoff of the first minimum is predicted for bilayers with an asymmetric transverse SLD profile (Brzustowicz & Brunger, 2005) . Indeed, it has previously been suggested that liftoff is a unique experimental signature of transbilayer asymmetry . Our results here demonstrate clearly that liftoff is also a general feature of symmetric bilayers having lateral SLD variation (e.g. Fig. 8) . The relative magnitude of these effects can be explored by comparing equation (35) with the form factor for an asymmetric bilayer:
Equation (45) corresponds to the complete form of the Fourier transform of the asymmetric SLD profile ðzÞ with a complex exponential . and total domain/surround volume ratio V d =V c ¼ 0:9 (colored solid lines), for increasing number of domains N d as indicated in the legend. Scattering from asymmetric vesicles was calculated using equation (45), and scattering from phase-separated vesicles was calculated using equation (35) and 100 expansion degrees.
Figure 8
Truncation effects for the multiple-domain scattering intensity. Shown is scattering intensity versus q for increasing maximum expansion degree as indicated in the legend, for a vesicle with 20 domains of total area fraction a d ¼ 0:25. Also shown are the corresponding Monte Carlo simulated data (gray circles). Truncation effects for multiple domains are generally more pronounced compared to the single-domain scattering intensity (Fig. 4) . 0.2 Å À1 ) originating from transverse SLD heterogeneity. For the phase-separated vesicle with a single domain (blue), liftoff is negligible, but as the number of domains N d increases, liftoff at both minima becomes more pronounced. We note that for the given conditions N d ¼ 100 (red) and N d ¼ 500 (green) correspond to clusters of $100 and 20 lipids per monolayer, respectively.
Multiple identical domains, random configuration.
For freely diffusing, non-interacting domains, equation (31) must be averaged over a distribution of static domain configurations. However, for a vesicle containing more than two domains, the domain center-center distribution function does not have an analytical solution. Rather, a domain center radial distribution function must be simulated and the corresponding expansion coefficients computed with a discrete spherical harmonic expansion. This is beyond the scope of this work and will be the subject of a separate paper.
Non-contrast-matching conditions
To this point, we have discussed experimental conditions optimized for detecting domain formation in a SANS experiment, specifically where the average bilayer SLD is matched to that of the solvent. To explore the effects of varying solvent contrast, it is useful to separately consider the homogeneous and heterogeneous contributions to the scattering intensity, that is, IðqÞ ¼ I hom ðqÞ þ I het ðqÞ and [cf. equations (35) and (38)- (40)]
These equations demonstrate that, while I hom depends on the solvent SLD, I het does not. Fig. 10 shows a contour plot of I het =I hom versus q and solvent D 2 O fraction, for the canonical parameter set (Table 1) . Near the contrast-match point (34 AE 1% D 2 O, region enclosed by the short-dashed contour), I het dominates the scattering signal, being 10 2 -10 6 times the intensity of I hom . Moving away from the match point, I hom grows as the square of the solvent contrast, while I het remains constant. At 100% D 2 O, I hom is 10-10 6 times greater than I het , except in the vicinity of the scattering minima between lobes at high q, owing to liftoff in I het as discussed in x4.2.3. Under these high-contrast conditions, the lateral scattering contribution is negligible and can be safely neglected in low-q data analysis (i.e. away from the scattering minima). A practical consequence of solvent contrast variation is the ability to independently determine both the domain size distribution and the vesicle size distribution (i.e. R m and ) from two measurements of the same sample: the sample is prepared and measured using conditions optimized for domain detection (Table 1) , then diluted with D 2 O to magnify the homogeneous scattering contribution and measured again Heberle, Doktorova et al., 2013) .
Domain/surround thickness mismatch
Thickness mismatch between the domains and surrounding phase has been suggested as a critical parameter for controlling line tension, which in turn can influence the domain size distribution . It is trivial to extend the analytical model to account for thickness mismatch, through the use of appropriate SLD profiles in equations (10) Comparison of the effects of thickness mismatch of the coexisting phases. Shown is the predicted scattering intensity for contrast-matched vesicles using the canonical parameter set listed in Table 1 ( The relative intensity of heterogeneous and homogeneous scattering depends on solvent contrast. Shown is a contour map of the ratio of the heterogeneous (I het ) and homogeneous (I hom ) scattering contributions on a logarithmic scale, plotted versus q and solvent D 2 O fraction, for the canonical parameter set listed in Table 1 (with a d ¼ 0:25 and N d ¼ 1). Within the region enclosed by the long-dashed contour line, I het > I hom ; within the region enclosed by the long-short-dashed contour, I het > 10I hom ; within the region enclosed by the short-dashed contour, I het > 10 2 I hom .
predicted scattering intensity for a single-shell model, where domains are thinner (blue) or thicker (orange) than the surrounding phase, with corresponding Monte Carlo simulations, revealing excellent agreement. Comparing the thin-and thick-domain cases, the scattering intensity has similar variation at low q, where domain size and configuration dominate, but distinct differences are apparent at shorter length scales, corresponding to bilayer thickness (i.e. q > 0.1 Å À1 ).
Summary and conclusions
We have utilized a spherical harmonic expansion of the scattering amplitude to obtain analytical expressions for the form factor and scattering intensity of spherical shells containing an arbitrary number and configuration of static domains. The scattering intensity calculated to 100 expansion degrees is in excellent agreement with Monte Carlo simulations for q < $0.35 Å À1 (the typical range for small-angle neutron scattering data), though better agreement at higher q can be obtained by increasing the number of expansion degrees. The number of expansion degrees required to quantitatively model scattering data depends primarily on the experimental resolution: experiments conducted at lower solvent D 2 O/H 2 O ratios require fewer terms owing to the higher incoherent background and resulting loss of high-q information, while experiments conducted at high D 2 O/H 2 O ratios may require as many as 100 terms for quantitative agreement.
We investigated the effects of varying the size and number of phase domains in vesicles near their overall contrastmatching point and reported on features of the scattering intensity profiles. In general, scattering features at low to intermediate q values correspond to SLD variation at longer length scales and are related to domain size and configuration within the spherical shell. As such, laterally heterogeneous vesicles exhibit a peak in the scattering intensity at low q (< 0.03 Å À1 ), which broadens and shifts its position to higher q with decreasing domain size. A similar effect is observed when the domain size is held fixed but the overall number of domains is increased. We also observe significant liftoff (nonzero intensity) of the minima between scattering lobes at high q, and we attribute this feature to SLD variation at short length scales (e.g. at the domain/surround interface). Liftoff may be a general feature of scattering curves whenever lateral SLD variation at short length scales is present, even for systems that do not exhibit phase separation but are characterized by highly nonideal mixing. The analytical solution presented here will facilitate the investigation of lateral organization in model membranes and help shed light on the mechanisms involved in raft formation in biological membranes. 
APPENDIX B SFF-Laplace method for the multidomain model
When fitting data from LUVs, vesicle size polydispersity is typically accounted for by numerical integration of Iðq; RÞ (where R is the vesicle radius) over an appropriate size distribution such as the Schulz (Pencer & Hallett, 2000) . For typical polydispersities, Iðq; RÞ often must be sampled at 20À30 R values to obtain acceptable accuracy, imposing a considerable computational cost. This cost is further multiplied in a nonlinear least-squares optimization, as the number of function calls scales linearly with the number of data points, research papers the number of adjustable parameters and the number of iterations required for convergence.
In favourable cases, the polydispersity problem can be circumvented by combining the separated form factors (SFF) approach with the Laplace method (Pencer, Krueger et al., 2006) , allowing the polydisperse form factor to be evaluated in a single function call. In particular, the SFF approximation for a bilayer vesicle (Kiselev et al., 2002) is valid when the bilayer thickness t is much less than the vesicle radius, i.e. t ( R. In this case, the vesicle scattering amplitude can be written as a product of thin-shell and flat-bilayer scattering amplitudes:
Fðq; RÞ ffi F SFF ðq; RÞ ¼ F TS ðq; RÞF FB ðqÞ:
For a uniform vesicle, the scattering amplitudes are given by (Pencer, Krueger et al., 2006) 
For particles described by a Schulz size distribution, the polydisperse form factor can be expressed in terms of a Laplace transform of the monodisperse form factor (Aragó n & Pecora, 1976; Kotlarchyk & Chen, 1983; Bartlett & Ottewill, 1992; Wagner, 2004 
where L is the Laplace transform operator and
Evaluating the Laplace transform in equation (57) gives
where 3 F 2 is a hypergeometric function. Equation (59) is efficiently evaluated by computer algebra systems. Substitution of equations (51), (55), (56) The SFF-Laplace approximation for the polydisperse scattering intensity. Shown is the predicted scattering intensity for contrast-matched vesicles using the canonical parameter set listed in where the scattering is dominated by domain size and configuration, and poor near the minima at higher q.
